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Abstract 
Silicon purification for photovoltaic applications is a crucial challenge to improve the energy 
production performance of solar panels. In the present work, we focus on the metallurgical 
grade silicon purification process through a directional solidification technique, namely the 
horizontal Bridgman technique. By means of numerical simulations, it is shown that high 
frequency vibrations applied to the crucible can be used to enhance the convective level in the 
molten silicon (thermal-vibrational effect) and improve the purification of the final silicon 
ingot. The direction of the vibration, however, has to be carefully chosen, as it strongly 
influences the flow intensity and structure in the melt and can lead to multi-rolls and even 
reverse flows, with a direct effect on the induced purification. 
Keywords: A1. Directional solidification, A1. Convection, A1. Segregation, A1. Purification, 
A1. Vibrations 
1. Introduction 
The principal material used in Photovoltaic (PV) cells is silicon and especially multi-crystalline 
silicon. In order to reduce the production costs of photovoltaic cells, and to achieve large ingots, 
the metallurgical grade silicon (MG-Si) is used, which has then to be transformed into solar 
grade silicon (SG-Si) by different techniques. To reach a high level of solar energy conversion, 
the solar grade silicon used to achieve PV solar cells must satisfy to very high purity criteria 
(99.9999%), whereas the metallurgical grade silicon purity is generally around 98%. Two types 
of impurities can exist in silicon, dopants, intentionally incorporated to achieve semiconductor 
crystals with specific electronic properties, and undesirable impurities such as phosphorus, iron, 
and aluminum, which are naturally present in the metallurgical grade silicon. Reducing the level 
of impurities (contaminants such as phosphorus present in relatively significant concentrations) 
is highly requested to improve the solar energy conversion efficiency of PV silicon cells. A 
compromise, however, has to be found between the choice of a relevant technique to purify 
metallurgical grade silicon and its cost of implementation, and this represents a real industrial 
challenge. 
In order to obtain silicon with better levels of purity, several purification techniques such as 
volatile vaporization, solvent refining, and slag treatment have been implemented [1-4]. 
However, the implementation cost of these techniques is somewhat high due to the high 
temperatures required and most of them can be at the origin of silicon loss during processing. 
Si purification can also be obtained by directional solidification steps, due to the fact that at 
solid-liquid phase equilibrium, the concentration of impurities in the solid phase is less than in 
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the liquid phase. Practically, the impurities will be more or less difficult to remove depending 
on their thermophysical properties and especially their segregation coefficient, and those with 
a low segregation coefficient as aluminum will be the most easily removed by directional 
solidification. In order to optimize the purification of metallurgical grade silicon by directional 
solidification, a number of active control techniques are used. Among these techniques, we can 
mention mechanical stirring process [5-6], the use of different types of magnetic fields [7-8], 
the rotation of the crucible as in the Accelerated Crucible Rotation Technique or vibrational 
techniques as the Axial Vibration Control using vibrations of the growing crystal or oscillation 
of a submerged body (see references for these techniques in [9]), and the acoustic streaming 
(steady flow generated by progressive acoustic waves) [10]. The main objective of these control 
techniques is to enhance the level of mixing in the melt, in the vicinity of the growth interface, 
in order to achieve silicon ingots containing less impurities. Impurities segregation during 
directional solidification processes has also been investigated in different papers taking into 
account the rejection of solute at the solid-liquid front and its transport by diffusion and natural 
convection [11-17].  
In the present work, we propose to use high-frequency vibrations of the crucible to control the 
flow and therefore the heat and mass transfer in the melt, with the objective to reduce the rate 
of impurities in silicon ingots grown by the horizontal Bridgman technique. As indicated by 
Gershuni and Lyubimov [18], in a closed cavity submitted to vibrations in the absence of 
temperature non-uniformities, the fluid moves together with the cavity as a solid body. 
However, as discussed in detail in [18], in presence of a temperature gradient, a relative flow 
will appear. In fact, the time average of the cross product between the non-uniform temperature 
field and the imposed acceleration due to the vibrations is non zero, resulting in an additional 
term in the Navier-Stokes equation for the average flow. The excitation frequencies must be 
not too high to avoid cavitation phenomena. To give order of magnitudes, the frequency range 
to be considered extends from a few hundred Hz up to a few MHz, with oscillation amplitudes 
below mm down to μm. Various theoretical and experimental studies of thermal-vibrational 
convection (such convection occurring in heated fluids submitted to high-frequency vibrations), 
in microgravity as well as in ground conditions and for various configurations, are available in 
the literature [18-25]. In these references, it has been proved that the vibrations have an impact 
on both the flow pattern and its convective level. Depending on the direction, the amplitude and 
the frequency of the vibrations imposed to the crucible, a slowing down or an enhancement of 
the flow has been highlighted. The vibration conditions that induce an amplification of the 
convective level are expected to be able to promote mixing in the melt and thus could be used 
to improve silicon purification. Despite the large number of theoretical and experimental works 
about directional solidification and about thermal-vibrational convection, we did not find any 
study on the use of thermal-vibrational convection to improve silicon purification by directional 
solidification. 
Our numerical study is thus devoted to the effect of high frequency vibrations of the crucible 
on purification of metallurgical grade silicon for photovoltaic applications. The results are 
obtained in the horizontal Bridgman situation, for an enclosure with an initial aspect ratio 𝐴 =
4 filled with molten metallurgical grade silicon (Pr = 0.0113). The influence of the vibrations 
on the impurities concentration in the melt and in the silicon ingot during the solidification of 
half the initial melt is characterized for different intensities and directions of vibrations. 
 
2. Mathematical formulation 
The horizontal Bridgman setup considered in this work is depicted in Fig. 1. The crucible, filled 
with molten silicon, is a rectangular cavity with an aspect ratio 𝐴 = 𝐿/𝐻 = 4, where 𝐿 is its 
length and 𝐻 is its height. It is pulled at a constant speed 𝑉𝑓 inside a constant gradient furnace 
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delivering a uniform horizontal temperature gradient ∇𝑇̅̅̅̅  (Ben Hadid and Roux [26], Kaddeche 
et al. [14-15]). ∇𝑇̅̅̅̅  is the absolute gradient, corresponding then to a positive value. The molten 
silicon will then progressively solidify, giving a liquid part with a decreasing length 𝐿𝑙. High 
frequency vibrations are applied to the crucible. These vibrations have a direction given by the 
unit vector 𝒏 (which makes an angle 𝛼𝑉 with the horizontal), an amplitude 𝑏 and an angular 
frequency 𝛺. The angle 𝛼𝑉 has a period of 𝜋 or 180°. The vibrations induce an additional 
vibrational component to the gravitational acceleration 𝒈𝟎, giving a resulting acceleration 𝒈 =
𝒈𝟎 + 𝑏 𝛺
2sin(𝛺𝑡) 𝒏 [18]. 
The impurities concentration in the metallurgical silicon remains small, so that the density 
variations in the molten silicon can be considered as only due to the temperature variations and 
independent of the solutal effects (dilute alloy assumption). The melt is assumed to be 
incompressible and Newtonian, and to satisfy the Boussinesq approximation, and the flow is 
assumed to be laminar. As the pulling rate 𝑉𝑓 is considered to be weak (classically in the 1-10 
μm/s range), the thermodynamic equilibrium is satisfied during the whole solidification 
process with a constant segregation coefficient 𝑘. As the melt is also a good thermal conductor, 
the moderate flows considered in the study will not strongly perturb the temperature field and 
the heat transfer can be considered to proceed mainly by diffusion with almost vertical straight 
isotherms (see Fig. 4(a) as an example). As a consequence, the crystal-melt interface can be 
considered as planar and moving at a constant velocity −𝑉𝑓 deduced from the pulling rate.  
Under these assumptions and in presence of vibrations, the governing time-dependent equations 
in the melt, expressed in terms of dimensionless temperature 𝑇, impurity concentration 𝐶, and 
stream functions 𝜓 and 𝐹 associated with the average velocity 𝑽 and the pulsation velocity 𝑾 
induced by the vibrations, respectively [18,25], can be written as follows: 
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The stream functions 𝜓 and 𝐹 are defined as, 
𝑉𝑥 = −
𝜕𝜓
𝜕𝑧
,           𝑉𝑧 =
𝜕𝜓
𝜕𝑥
,      𝑊𝑥 = −
𝜕𝐹
𝜕𝑧
,      𝑊𝑧 =
𝜕𝐹
𝜕𝑥
, 
where 𝑉𝑥 and 𝑉𝑧 are the components of the average velocity 𝑽, and 𝑊𝑥 and 𝑊𝑧 are the 
components of the pulsation velocity 𝑾. 
In the dimensionless equations (1)-(4), length has been scaled by the crucible height 𝐻, time by 
𝐻2/𝜈, velocity by 𝜈/𝐻, concentration by 𝐶0̅̅ ̅ (the initial impurity concentration in the melt), and 
temperature and pulsation velocity by ∇𝑇̅̅̅̅  𝐻. 𝜈 is the kinematic viscosity of the molten silicon. 
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𝑆(𝑡) is the dimensionless length (or aspect ratio) of the melt (𝑆 = 𝐿𝑙/𝐻), which varies during 
the growth process from 𝐴 at the beginning of the solidification to 𝐴/2 when half of the total 
melt is solidified, and 𝑣𝑓 = −𝑉𝑓 𝐻/𝜈 is the dimensionless solid-liquid interface velocity. As the 
interface moves along the 𝑥 direction from the right to the left of the crucible (decreasing 𝑥), 
𝑣𝑓 will be negative. The dimensionless temperature is defined as 𝑇 = (?̅? − 𝑇𝑚)/(∇𝑇̅̅̅̅  𝐻), where 
?̅? is the dimensional temperature and 𝑇𝑚 is the melting temperature of silicon, so that 𝑇 is 0 at 
the solid-liquid interface at 𝑥 = 𝑆 and 𝑆 at the left crucible wall at 𝑥 = 0. The dimensionless 
concentration is defined as 𝐶 = 𝐶̅ / 𝐶0̅̅ ̅, where 𝐶̅ is the dimensional concentration. 
The dimensionless parameters involved in these equations, namely the Prandtl number Pr, the 
Schmidt number Sc, the Grashof number Gr and the vibrational Grashof number Grv are given 
by: 
Pr =
𝜈

  ,     Sc =
𝜈
𝐷
   , Gr =
𝑔0𝛽∇𝑇̅̅̅̅ 𝐻
4
𝜈2
         and         Grv =
(𝑏𝛺𝛽∇𝑇̅̅̅̅ )2𝐻4
2𝜈2 
, 
where 𝛽 and  are the thermal expansion coefficient and the thermal diffusivity of the molten 
silicon, respectively, and 𝐷 is the impurity diffusivity. 
The concentration in the crystal 𝐶𝑠 is deduced at each time step from the liquid concentration 
𝐶 at the crystal-melt interface through the equilibrium relationship 𝐶𝑠 = 𝑘 𝐶. The segregation 
coefficient 𝑘 is considered as a constant depending on the considered impurity. 
The boundary conditions for the velocity correspond to no-slip conditions for the average 
velocity 𝑽 and a nonpermeability condition for the pulsation velocity 𝑾 [18,25]. Concerning 
the temperature, the boundary conditions are imposed by the constant gradient furnace: the 
vertical walls have uniform temperatures, ?̅? = 𝑇𝑚 at the interface and ?̅? = 𝑇𝑚 + ∇𝑇̅̅̅̅ 𝐿𝑙 at the 
left crucible wall, and the horizontal walls have a linear temperature variation between these 
two limit temperatures. Finally, concerning concentration, a balance between the impurity reject 
and its diffusion in the liquid is applied at the solid-liquid interface, whereas a zero mass-flux 
is considered at the other walls.  
With these assumptions, the boundary conditions can be written as follows: 
At the vertical rigid boundary 𝑥 = 0: 
  𝜓 =  
𝜕𝜓
𝜕𝑥
= 0,   𝐹 = 0,   𝑇 = 𝑆   and   
𝜕𝐶
𝜕𝑥
= 0                                                                  (5)       
At the crystal-melt interface 𝑥 = 𝑆: 
  𝜓 =  
𝜕𝜓
𝜕𝑥
= 0,   𝐹 = 0,   𝑇 = 0    and   
𝜕𝐶
𝜕𝑥
= (1 − 𝑘)Sc 𝑣𝑓 𝐶                                        (6)       
At the bottom 𝑧 = 0: 
  𝜓 =
𝜕𝜓
𝜕𝑧
= 0,   𝐹 = 0,   𝑇 = 𝑆 − 𝑥    and  
 𝜕𝐶
𝜕𝑧
= 0                                                           (7)   
At the upper boundary 𝑧 = 1: 
  𝜓 =
𝜕𝜓
𝜕𝑧
= 0,    𝐹 = 0,   𝑇 = 𝑆 − 𝑥   and   
𝜕𝐶
𝜕𝑧
= 0                                                           (8)        
 
Finally, we have to note that the thermal gradient chosen here in accordance with previous 
simulations of solidification [14-15] (Fig. 1) is opposite to that generally used in thermal-
vibrational convection studies [24-25]. As a consequence, the optimal vibration direction giving 
the stronger flow will not be obtained as usually for 45°, but for 𝛼𝑉 = 135°. In order to keep 
the angle 45° for this optimal direction, we will then define 𝛼 = 180° − 𝛼𝑉. This angle 𝛼 will 
be called the vibration angle in the following. 
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3. Numerical method 
The governing equations (1)-(4) subjected to the relevant boundary conditions (5)-(8) are solved 
with the highly accurate spectral collocation method on Gauss-Lobatto-Chebyshev points, as 
described in the work of Bouarab et al. [25]. The time stepping for these unsteady calculations 
is based on Euler’s method, which, due to the small time steps used for an accurate treatment 
of the interface conditions, is shown to give similar results as the Crank-Nicolson method. For 
validation and accuracy tests of the vibration effect on convection, we refer to the recent results 
of Bouarab et al. [25] and also to the earlier work of Lappa [24]. Concerning the segregation 
effect in both liquid and solid phases, our results can be compared with those of Kaddeche et 
al. [14] corresponding to Ge-Ga or GaAs-In alloys and obtained for Pr = 0.015, 𝑣𝑓 = −0.2, 
𝑘 = 0.087, and different values of the Grashof and Schmidt numbers in the case without 
vibrations. For both hydrodynamics and segregation calculations, our results are found to be in 
excellent agreement with these previous works.  
4. Results and discussion 
4.1. Effect of vibrations on the convective flows 
Having in mind that a sufficiently high convective level is a favorable condition to get grown 
crystals containing less impurities [14,15], a purely hydrodynamic study without phase change 
is first conducted to find out the characteristics of the vibrations allowing to obtain the highest 
convective level in the liquid phase. Numerical computations are first performed for 𝐴 = 4, 
Pr = 0.0113, different values of the Grashof and vibrational Grashof numbers Gr and Grv, and 
all the possible orientations of the vibrations, for 𝛼 between 0 and 180°. The results are shown 
in Fig. 2, where, for the different cases, the maximum velocity in the cavity is plotted as a 
function of 𝛼. It can be clearly seen that the maximum flow intensity varies with the vibration 
angle 𝛼 and that it reaches a maximum value for vibrations corresponding to 𝛼 close to 45°. It 
confirms the results obtained by Bouarab et al. [25] in a different situation with thermally 
insulated top and bottom walls. 
The enhancement of the convective level, however, has mainly to be effective in the vicinity of 
the growth interface where the reject of impurities from the solid to the liquid phase is 
responsible for the build-up of a solute boundary layer [13]. In order to better estimate the 
impact of the vibrations on the local flow in the vicinity of the growth interface, we plot the 
vertical profiles of the horizontal and vertical velocity components close to the right cold end 
wall at 𝑥 = 3.79 in Fig. 3. These profiles are obtained for 𝐴 = 4, Pr = 0.0113, Gr = 200, and 
either Grv = 0 or Grv = 5000 for 𝛼 = 0, 45, and 90°. From Fig. 3, it is clear that the velocity 
profiles close to the interface can be strongly changed by applying vibrations. In the case 𝛼 =
0°, however, the vibrations, which are parallel to applied temperature gradient, have very little 
influence on the velocity profiles, which remain very close to those obtained without vibrations 
(Grv = 0). In the case 𝛼 = 90°, the amplitude of the velocity profiles is increased, but we can 
also note that the shape of the profiles is changed. This is due to the formation of a counter-
rotating cell located near the growth interface above the main convective cell, as already 
observed in Bouarab et al. [25]. Finally, it is the case at 𝛼 = 45° which really gives strong 
increases of the velocity profiles. These profiles have the same shapes as for Grv = 0, indicating 
a similar global convective cell in the cavity, but have strongly increased in amplitude. 
Therefore, the case 𝛼 = 45° appears to be the most suitable to remove impurities away from 
6 
 
the interface and prevent the build-up of a solute boundary layer. It could be a good candidate 
for the optimization of the purification process of metallurgical grade silicon. 
The vibration angles close to 45 degrees were already mentioned in [24-25] to be optimal to get 
maximum flows in the cavity. It was also proved analytically by the creeping flow method in 
[27], as indicated in [18]. In order to theoretically assess this optimal vibration angle in our 
situation, we will follow the approach used to find expressions for the critical vibration angles 
𝛼1 and 𝛼2 between which flow inversion occurs [25]. This optimal vibration angle will 
correspond to the maximum driving force in the cavity (or maximum driving torque, as 
expressed in Eq. (1)). We consider moderate flows of low Prandtl number fluids in rather long 
cavities (𝐴 ≥ 2, as 𝐴 = 4) where a quite uniform flow exists in the central part away from the 
ends. In these conditions, as shown in Fig. 4(a) for 𝐴 = 4, Pr = 0.01, Gr = 2500, Grv = 6250, 
and 𝛼 = 45°, we will have a close to diffusive temperature field in the cavity corresponding 
here to 
𝜕𝑇
𝜕𝑥
≈ −1  and 
𝜕𝑇
𝜕𝑧
≈ 0 .  
Moreover, as seen in Fig. 4(b), the stream function 𝐹 associated with the pulsation velocity 𝑾 
is quite uniform in the central part of the cavity with only a dependence along 𝑧, the variation 
with 𝑥 only occurring in the end parts. In the central part, Eq. (4) defining 𝐹 is then reduced to 
𝜕2𝐹
𝜕𝑧2
= (
𝜕𝑇
𝜕𝑥
)  sin 𝛼𝑉 .  
In such a long cavity, the driving torque is mainly that existing in the central part, the end zones 
allowing recirculation. Using 𝜕𝑇/𝜕𝑧 ≈ 0 and the properties of 𝐹, the absolute torque Γ in the 
central part can then be written as 
Γ = | Gr
𝜕𝑇
𝜕𝑥
+ Grv [(
𝜕2𝐹
𝜕𝑧2
𝜕𝑇
𝜕𝑥
) cos 𝛼𝑉] | = | Gr
𝜕𝑇
𝜕𝑥
+ Grv  (
𝜕𝑇
𝜕𝑥
)
2
 sin 𝛼𝑉 cos 𝛼𝑉 |.  
Finally using 𝜕𝑇/𝜕𝑥 ≈ −1 and 𝛼 = 𝜋 − 𝛼𝑉, we get: 
Γ = | Gr + Grv  sin 𝛼 cos 𝛼 | = | Gr +
Grv
2
 sin 2𝛼 |.  
The maximum absolute torque will then be obtained for  sin 2𝛼 = 1, i.e. for 𝛼 = 𝜋/4 = 45°. 
The results shown in [25] confirm well that the optimal vibration angle is close to 45° for 
moderate flows corresponding to moderate values of Gr and Grv, and that it deviates from 45° 
for strong flows, obtained for example for large values of Grv. 
In the next section, through numerical simulations of the global solidification process, we will 
directly check the influence of these flows obtained under vibrations on the segregation of 
impurities in both the melt and the crystal. 
 
4.2. Effect of vibrations on silicon purification 
4.2.1. Impurity concentration and solutal boundary layer 
Phosphorus, aluminum, and iron are considered to be among the main impurities in 
metallurgical grade silicon and consequently their presence in the grown silicon ingots reduces 
the energy conversion efficiency of the photovoltaic panels. We will then focus our study on 
the segregation of these impurities in silicon, during horizontal Bridgman solidification 
processes characterized by a pulling rate 𝑣𝑓 = −0.2 (the typical value chosen by Kaddeche et 
al. [14]) and a Prandtl number Pr = 0.0113. The segregation coefficient 𝑘 and the Schmidt 
number Sc for these impurities are given in Table 1. Their initial concentration will be chosen 
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as 𝐶0 = 1. We will first consider phosphorus, which is characterized by a segregation 
coefficient 𝑘 = 0.332 and a Schmidt number Sc = 12.74. Note that phosphorus is more 
difficult to remove from the molten silicon than the metallic impurities, which have small 
segregation coefficients. 
The effect of vibrations on the segregation of phosphorus during directional solidification is 
illustrated in Fig. 5. These results, obtained for the optimal vibration direction (𝛼 = 45°) and 
Gr = 200, give the concentration of phosphorus in the melt (on the left-hand side) and in the 
crystal (on the right-hand side), when half of the sample has been solidified (𝑆 = 2) and for 
three values of the vibrational Grashof number, Grv = 0, 1000 and 5000. Note first that, in all 
cases, due to the convective flow, the impurity concentration is weak in the core of the flow 
and larger in the vicinity of the melt/crystal interface inside the solute boundary layer. The 
direction of the flow (downwards along the interface) makes this boundary layer thicker at the 
bottom, with larger concentrations, which also gives crystals with larger concentrations at the 
bottom. The increase of Grv induces an enhancement of the convective level due to the vibration 
of the crucible. The impurities rejected by the crystal are then better moved away from the 
interface and mixed in the core. A decrease of the larger phosphorus concentrations in the melt 
and in the crystal is then observed and this trend is more pronounced for Grv = 5000, when the 
mixing is stronger (Fig. 5). 
A key parameter to assess the interaction between convection and segregation is the solutal 
boundary layer thickness 𝛿 at the solid-liquid interface. Following Garandet et al. [28], the 
solutal boundary layer thickness is defined as (𝐶𝐼 − 𝐶∞)/(𝜕𝐶/𝜕𝑧)𝐼, where 𝐶𝐼 and (𝜕𝐶/𝜕𝑧)𝐼 
are the concentration and concentration gradient at the interface and 𝐶∞ is the concentration far 
from the interface, taken in practice as the concentration at the left hot end wall. 𝛿 is then 
obtained as the average of the values calculated for all the discretization points along the 
interface. The effect of the vibrations on 𝛿 for the main impurities in PV silicon, namely 
phosphorus, aluminum, and iron, is illustrated in Fig. 6. The values of 𝛿, computed when half 
of the initial melt has been solidified, are given as a function of Grv in the range 0 ≤ Grv ≤
18000 and for 𝛼 = 45°. High frequency vibrations of the crucible lead to a strong decrease of 
the solutal boundary layer thickness 𝛿. The initial decrease of 𝛿, when Grv is increased from 0 
(in the range 0 ≤ Grv ≤ 2000, for example), is particularly important. This decrease then slows 
down and seems to tend towards an asymptotic behavior corresponding to a very weak decrease. 
As shown in Fig. 6, the values of 𝛿 are very close for iron and aluminum, especially for large 
values of Grv. This is mainly due to their mass diffusivities in molten silicon, which are very 
close, giving close Schmidt numbers (Sc = 4.32 for aluminum and Sc = 3.68 for iron). 
Vibrations are then expected to have the same effect on the purification of metallurgical grade 
silicon for iron and aluminum impurities. Concerning phosphorus, its larger Schmidt number 
(Sc = 12.74) leads to smaller values of δ, which also decrease when Grv is increased. 
  
Sc 𝑘 
Phosphorus 12.74 0.332 
Aluminum 4.32 2 × 10−3 
Iron 3.68 8 × 10−6 
Table 1: Schmidt number Sc and segregation coefficient 𝑘 for some of the main impurities in 
silicon. 
 
4.2.2. Axial segregation 
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In order to investigate the influence of the vibrations on the impurity segregation in the crystal, 
we have computed the axial segregation 𝐶𝑠,𝑎𝑣 given by the following expression, 
𝐶𝑠,𝑎𝑣 = ∫ 𝐶𝑠(𝑧, 𝑆)𝑑𝑧
1
0
. 
𝐶𝑠,𝑎𝑣 is averaged on the height of the crystal and calculated for each position 𝑆 of the interface 
from 𝑆 = 𝐴 = 4 to 𝑆 = 𝐴/2 = 2. In the figures, it will be expressed as a function of the 
dimensionless solidified length 𝑙𝑠, i.e. for 𝑙𝑠 between 0 and 2. Note that we have the relation 
𝑆 + 𝑙𝑠 = 𝐴 between the dimensionless liquid and solid lengths. 
The axial segregation of phosphorus is given in Fig. 7(a) for different values of Gr and Grv 
(𝛼 = 45°). In all cases, due to the reject of impurity at the interface and the build-up of a solutal 
boundary layer, the axial segregation increases along the solidifying crystal. The increase is 
strong in a first stage (initial transient) and then smaller in a second stage corresponding to a 
more stationary regime [12].  This stationary regime can be better observed in Fig. 7(b) where, 
for the same cases as in Fig. 7(a), the solutal boundary layer thickness 𝛿 is given during the 
solidification process as a function of the solidified length 𝑙𝑠. Indeed, we see that, after an initial 
transient, 𝛿 becomes constant, this regime being obtained sooner for small 𝛿, i.e. for large 
convective effects. According to Fig. 7(a), more intense melt motion, due either to an increase 
of Gr or to a larger vibration effect, leads to smaller segregation levels, as found in previous 
works [12-15]. Note also that, when vibrations are applied in the optimal direction with a 
sufficient intensity, the amount of impurities in a case of rather weak buoyancy (Gr = 200) can 
be similar to that obtained without vibration in a case with large buoyancy effect (Gr ∼ 2000 −
3000). Therefore, the enhancement of the convective level obtained by applying suitable 
vibrations is able to produce valuable purification effects. Comparing Fig. 7(a) and Fig. 7(b), 
we see the good correlation between the curves of axial segregation 𝐶𝑠,𝑎𝑣 and solutal boundary 
thickness 𝛿, the decrease of 𝛿 for increasing Grv being well associated with smaller impurity 
concentrations, i.e. a better purification effect.   
An analytic formula, derived by Scheil and Gulliver and known as the Scheil-Gulliver model, 
gives the impurity distribution along the solid length during solidification. The model assumes 
that the solute transfer in the melt is mainly achieved by convection (well-mixed regime). First 
formulated by Gulliver [29] and then solved by Scheil [30], the model gives 
 
𝐶𝑠 = 𝑘 𝐶0 (1 − 𝑓𝑠)
𝑘−1,                                                                                                                (9)     
 
where 𝑓𝑠 is the solidified fraction given by 𝑓𝑠 = 𝑙𝑠/𝐴. An effective segregation coefficient 
𝑘𝑒𝑓𝑓 = 𝑘/(1 − (1 − 𝑘)Δ) can also be introduced in the Scheil-Gulliver model, in place of the 
equilibrium coefficient 𝑘, to account for the contribution of both diffusion and convection in 
the solute segregation and get a more realistic analytic law for axial segregation. The model is 
then denoted as the modified Scheil-Gulliver model. Δ used in the expression of 𝑘𝑒𝑓𝑓 is the 
convecto-diffusive coefficient (normalized solutal boundary layer thickness) defined as Δ =
𝛿 𝑉𝑓/𝐷. The effective segregation coefficient 𝑘𝑒𝑓𝑓 reduces to 𝑘 when melt convection is 
intense, i.e. when Δ (or equivalently 𝛿) is very small. In contrast, in purely diffusive conditions, 
Δ and 𝑘𝑒𝑓𝑓 are equal to unity. 
As the modified Scheil-Gulliver model does not include the initial transient, the comparison of 
our numerical results with those provided by this model can only be effective during the 
stationary regime. Figure 7 shows a fairly good agreement between our computed axial 
segregation curves and those given by the modified Scheil-Gulliver model, especially when the 
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convection level is high, i.e. for large Gr values or for large Grv values associated with 
vibrations in the optimal direction (𝛼 = 45°). 
The effect of the vibration direction on the axial segregation 𝐶𝑠,𝑎𝑣 is illustrated in Fig. 8 for 
Gr = 200, Grv = 5000, and three vibrations angles (𝛼 = 0°, 45°, 90°). These cases are 
compared with the case without vibration (Grv = 0). The different vibration directions give 
clearly different segregation results. In the case of horizontal vibrations (𝛼 = 0°), no significant 
change in the segregation is found compared with the case without vibrations, in agreement 
with the almost not changed velocity field (Fig. 3). The vertical vibrations (𝛼 = 90°) give a 
clear global decrease of the axial segregation curves, but the regime is still not a well-mixed 
regime, as shown by the still rather bad agreement with the modified Scheil-Gulliver model. 
Finally, vibrations in the oblique direction at 𝛼 = 45° still decrease the impurity concentration 
level in the solidified ingot. Moreover, the axial segregation curve now quite well fits with the 
modified Scheil-Gulliver model, indicating a well-mixed regime. We then confirm that this 
vibration direction is particularly interesting in view of optimizing silicon purification. 
 
4.2.3. Global impurity levels and limit of purification 
 
In this section, we will consider the effect of vibrations on the global impurity levels in the solid 
and liquid phases when half of the initial molten silicon is solidified. We will then define 𝐶𝑠,𝑡𝑜𝑡 
and 𝐶𝑙,𝑡𝑜𝑡, which correspond to the integration of the impurity concentration in the solid and 
liquid phases, respectively. 𝐶𝑙,𝑡𝑜𝑡 is then given by 
𝐶𝑙,𝑡𝑜𝑡 = ∫ ∫ 𝐶(𝑧, 𝑥)𝑑𝑧
1
0
𝑑𝑥
𝑆=2
0
. 
𝐶𝑠,𝑡𝑜𝑡 is obtained similarly by integration of 𝐶𝑠 in the solid zone with a length 𝑙𝑠 = 2. As the 
initial concentration of the melt in the 𝐴 = 4 ingot is 𝐶0 = 1, by conservation of the impurities 
during the solidification process we will have 𝐶𝑠,𝑡𝑜𝑡 + 𝐶𝑙,𝑡𝑜𝑡 = 4. 
We will consider both phosphorus and aluminum impurities (Table 1) in cases where Gr = 200 
and Grv is increased from 0 to 18000 (𝛼 = 45°). As shown in Fig. 9, for both impurities, the 
global impurity level in the solid 𝐶𝑠,𝑡𝑜𝑡 decreases when Grv is increased, first quite steeply and 
then more slowly in a seemingly asymptotic variation. Conversely, the global impurity level in 
the liquid 𝐶𝑙,𝑡𝑜𝑡 will increase, with similar characteristics. The change of the characteristics in 
the variation of 𝐶𝑠,𝑡𝑜𝑡 with Grv indicates that there is a limit value of Grv beyond which the 
purification process becomes less efficient. This might be due to the fact that the well mixed 
regime is reached at this limit value of Grv. Such a change towards a well-mixed regime, which 
is associated with axial segregation curves getting very close to Scheil’s curves, has been 
observed to occur in the case without vibration for Gr > 5000, as referred in Kaddeche et al. 
[14]. 
 
4.2.4. Effect of flow inversion on purification 
 
In the recent work of Bouarab et al. [25], the influence of the vibration direction on the 
convection in a 𝐴 = 4 cavity was studied in detail for vibration angles varying from 0 to 180°. 
It was pointed out that an inversion of the flow, here from clockwise (direction of the buoyant 
flow) to counterclockwise could occur between two critical vibration angles 𝛼1 and 𝛼2 when 
the vibrational Grashof number is sufficiently high. The condition for flow inversion to occur 
was given by 
Grv > 2Gr,                                                                                                                                         (10)  
and theoretical expressions were derived for 𝛼1 and 𝛼2, 
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𝛼1 = 90° + 𝜃0/2  and  𝛼2 = 180° − 𝜃0/2 with  𝜃0 = asin[2/(Grv/Gr)],                         (11) 
which match very well with the numerical results obtained with a spectral collocation method 
for different values of the Grashof and vibrational Grashof numbers. These expressions have 
been derived assuming that flow inversion will occur when the global driving force (or driving 
torque) is zero in the central part of the cavity [25]. 
In this section, we want to see more precisely the influence of the vibration direction on the 
segregation, and in particular analyze the effect due to the flow inversion. For that, we first 
present results concerning phosphorus and obtained for Gr = 200, all the possible vibration 
directions (0° ≤ 𝛼 ≤ 180°) and different values of Grv ranging from 100 to 10000. Figure 10 
first depicts the global impurity level in the silicon ingot 𝐶𝑠,𝑡𝑜𝑡 versus the vibration angle for 
the different values of Grv. The reference case without vibrations (Grv = 0) is given by a pink 
dashed line. The parts of the curves below this line indicate cases with vibration characteristics 
(Grv, 𝛼) allowing purification, whereas the parts of the curves above this line indicate cases 
which have to be avoided as they induce an increase of the impurity level in the ingot. We see 
that for vibrations angles in the range 0° ≤ 𝛼 ≤ 90°, except very close to 0° and 90°, vibrations 
induce a purification, which is improved when Grv is increased. In contrast, in the range 90° ≤
𝛼 ≤ 180°, the results are more complex and strongly evolve with 𝛼 and Grv. For a better 
understanding of the results, we will divide the Grv range in different domains according to the 
effect induced by vibrations. The effect obtained for weak Grv is shown in Figs. 11 and 12, 
whereas the effect for large Grv is shown in Figs. 13 and 14. 
As the calculations have been done for Gr = 200, the condition (10) for flow inversion indicates 
that no flow inversion will occur for Grv ≤ 400. The global impurity level versus 𝛼 is shown 
for these cases in Fig. 11(a) and the corresponding variation of 𝜓𝑐, the stream function at the 
center of the melt zone when half of the silicon has been solidified (𝑆 = 2), in Fig. 11(b). As 
expected, 𝜓𝑐 keeps the same sign as the purely buoyant flow in the whole range of vibration 
angles, indicating the persistence of a clockwise flow. The intensity of this flow, however, 
depends on 𝛼 and has a maximum for 𝛼 ≈ 45° and a minimum for 𝛼 ≈ 135°. Note that the 
minimum of 𝜓𝑐 for Grv = 400 is close to zero, indicating that it is well the limit case without 
inversion, as given by Eq. (10).  
Concerning purification for these cases, as expected, purification is improved by the vibrations 
when the flow intensity is increased, i.e. in the range 0° < 𝛼 < 90°, whereas it is degraded 
when the flow intensity is decreased, i.e. in the range 90° < 𝛼 < 180° (Fig. 11(a)). The benefit 
obtained by vibrations, however, remains limited for these weak Grv values, even for the 
optimal directions (about 5% only for Grv = 400 and 𝛼 = 45°). The degradation can be more 
significant, with an increase of 𝐶𝑠,𝑡𝑜𝑡 up to 20% for Grv = 400 and vibration angles in the 
vicinity of 𝛼 = 135°. These vibration angles have really to be avoided in the case of weak Grv 
values. Finally, we see that the vibrations either parallel (𝛼 = 0°) or perpendicular (𝛼 = 90°) 
to the imposed temperature gradient have almost no effect on the purification. An illustration 
of the velocity and concentration fields in the cases with weak Grv is given in Fig. 12 for the 
vibration angles giving maximal variations (𝛼 = 45° and 135°). For Grv = 100 (Fig. 12(a)), 
the effect on the flow and concentration fields remains moderate, and these fields keep a similar 
structure as in the reference case without vibrations (Grv = 0). For Grv = 400 (Fig. 12(b)), the 
vibrations have a more noticeable effect. The more intense flow for 𝛼 = 45° induces a 
concentration field with more deformed iso-concentration lines. In contrast, the less intense and 
modified flow structure for 𝛼 = 135° gives a less perturbed concentration field, closer to 
diffusive conditions. 
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For larger values of Grv (Grv > 400), the global impurity level in the silicon ingot 𝐶𝑠,𝑡𝑜𝑡 versus 
the vibration angle 𝛼 is depicted in Fig. 13. In all these cases (Grv ranging from 500 to 10000), 
the flow direction at the center of the melt is inverted in the (90°,180°) 𝛼 range between the 
values 𝛼1 and 𝛼2 depending on Grv and given by (11). These limit values 𝛼1 and 𝛼2, where the 
flow is the weakest, correspond to peaks in the 𝐶𝑠,𝑡𝑜𝑡 curves (maximum impurity level). 
Between 𝛼1 and 𝛼2, the inverted flow can develop, with a maximum intensity for 𝛼 close to 
135°. For values of Grv far above 400, this inverted flow can be sufficiently strong to also 
induce purification. In Fig. 13, we can see that this is the case for Grv = 2000, 5000, and 
10000, where 𝐶𝑠,𝑡𝑜𝑡 around 𝛼 = 135° is below the value obtained without vibration (Grv = 0). 
For large values of Grv as Grv = 10000, purification of silicon can be obtained as well with 
the normal flow around 𝛼 = 45° as with the inverted flow around 𝛼 = 135°, and with a similar 
efficiency. This is consistent with the fact that, as shown by Bouarab et al. [25], in the limit of 
large Grv/Gr, the flow obtained for 𝛼 = 90° + 𝜃 is exactly the reverse flow of that obtained for 
𝛼 = 90° − 𝜃 and corresponds to its symmetric with respect to the up-down symmetry. Note 
that, for these large values of Grv, the minima of 𝐶𝑠,𝑡𝑜𝑡, corresponding to the optimal 
purification directions, are shifted from 45 and 135° to 30 and 150°, respectively. In fact, large 
ranges of vibration angles can be used for purification in these cases, except 𝛼 values close to 
0, 90, and 180°, which correspond to vibrations directions parallel or perpendicular to the 
imposed temperature gradient. 
We will now focus in more details on the case corresponding to Grv = 5000, for which are 
given in Fig. 14 the 𝜓𝑐 and 𝐶𝑠,𝑡𝑜𝑡 curves versus 𝛼 and different flow and concentration fields. 
For this case (Gr = 200, Grv = 5000), the analytic expression (11) of the critical angles for 
flow inversion gives 𝛼1 = 92.29° and 𝛼2 = 177.71°. These are exactly the values found by the 
numerical calculations for a cavity with an aspect ratio 𝐴 = 4, i.e. at the beginning of the 
solidification process. For 𝑆 = 2, i.e. when half the sample has been solidified (Fig. 14), the 
values obtained numerically change slightly to 𝛼1 = 92.66° and 𝛼2 = 177.43°. This is due to 
the fact that some hypotheses on the temperature 𝑇 and the pulsation velocity stream function 
𝐹 used to derive the analytical expressions are rather valid in long cavities where a clear 
quiescent central zone can appear. The discrepancy for 𝑆 = 2, however, remains very weak. In 
any case, the 𝛼 range of flow inversion is large in this case due to the already strong Grv/Gr 
ratio (Grv/Gr = 25). This 𝛼 range is close to the limit [90°,180°] obtained for very large 
Grv/Gr ratios. 
Figure 14 gives interesting information on the effect of the vibrations direction on the global 
impurity level in the ingot when half of the melt has been solidified. In the case without 
vibrations, 𝐶𝑠,𝑡𝑜𝑡 is equal to 1.17, value given by a horizontal pink dashed line. For most 
vibrations directions, the 𝐶𝑠,𝑡𝑜𝑡 values are below this line, indicating an improved purification 
effect. This effect is obtained in a large 𝛼 range around 45° with the normal flow, but also in a 
large 𝛼 range around 135° with the reverse flow. If we compare the cases at 𝛼 = 45° and 135°, 
we see that the global impurity levels given by 𝐶𝑠,𝑡𝑜𝑡 are comparable (although still a little 
stronger for 𝛼 = 135°), but, as shown by the flow and concentration fields given as insets, they 
are obtained by flows rotating in opposite directions. More precisely, as expected for large 
Grv/Gr ratios [25], there is almost an up-down symmetry between the fields at 𝛼 = 45° and 
135°, and as a result, the ingot is enriched at its bottom for 𝛼 = 45° and at its top for 𝛼 = 135°. 
Finally, the vibration angles close to 𝛼1 and 𝛼2, i.e. close to 0, 90, and 180° for these large 
Grv/Gr ratios, have to be avoided as they give a maximum amount of impurity, due to a low 
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level of convection. However, as illustrated in the insets in Fig. 14 and in agreement with what 
is shown in Bouarab et al. [25], the flow patterns for 𝛼1 and 𝛼2 (which both corresponds to 
𝜓𝑐 = 0) are completely different. For 𝛼1 = 92.66°, the flow pattern consists of four vortices 
with two counter-rotating vortices at each side of the melt domain, in particular along the 
interface. This flow has almost an up-down symmetry, which is also observed in the 
concentration fields in the melt and in the ingot. For 𝛼2 = 177.43°, the flow pattern consists of 
two co-rotating vortices with a stagnation point between them, which gives a single vortex 
along the interface. These differences in the flow structure lead to significant differences in the 
impurity concentration fields in both the molten silicon and the ingot. The global impurity level 
is also different, more important for 𝛼2 (𝐶𝑠,𝑡𝑜𝑡 = 1.37) than for 𝛼1 (𝐶𝑠,𝑡𝑜𝑡 = 1.19). 
Finally, for the extremum values of 𝐶𝑠,𝑡𝑜𝑡, corresponding to vibration angles 𝛼 close to 45°, 
92.66° (𝛼1), 135°, and 177.43° (𝛼2) (see the insets in Fig. 14), we give the axial segregation 
curves in Fig. 15. We see that the directions 𝛼 = 45° and 135° give almost the same averaged 
impurity concentration 𝐶𝑠,𝑎𝑣 along the ingot, strongly improved with respect to the case without 
vibrations (Grv = 0). These two directions of vibrations (as well as the neighboring directions) 
can be recommended as the optimal directions for purifying the metallurgical grade silicon, 
assuming the Grv/Gr ratio is large. If this condition is not fulfilled, only the directions around 
𝛼 = 45° have to be used. Fig. 15 also shows that the directions 𝛼1 and 𝛼2 (and their 
neighborhood) have to be avoided as they do not lead to purification, particularly 𝛼2 which 
gives the higher impurity level along the ingot. 
5. Conclusion 
The use of high frequency vibrations applied to the crucible can be a relevant non-intrusive 
active control technique for purifying metallurgical grade silicon. The direction of the 
vibrations, however, is known to significantly change the flow intensity and structure in the 
melt and, as a consequence, can be expected to influence the impurity concentration in the melt 
and the final amount of impurities in the grown ingot. 
The study was performed for a 𝐴 = 4 crucible with the solidification of half the initial melt. 
The influence of the vibrations on the impurities concentration in the melt and in the silicon 
ingot during the solidification was characterized for different intensities and directions of 
vibrations. It is shown that, for the different impurities, the purification of the silicon ingot can 
be improved by vibrations, provided that the vibration direction is judiciously chosen. The 
vibrations directions around 𝛼 = 45° are found to be the optimal directions to improve the 
purification process, as they keep the one-roll structure of the buoyant flow, but optimally 
increase its intensity, this increase depending on the strength of the vibrational Grashof number 
Grv. For large values of Grv with respect to the Grashof number Gr (large Grv/Gr ratios), the 
vibrations directions around 𝛼 = 135° are also efficient directions for the purification, as they 
induce reverse flows with respect to the buoyant flow, but with an intensity comparable to that 
of the flow obtained for 𝛼 = 45°. In contrast, the vibrations directions 𝛼1 and 𝛼2, which 
correspond to the transition between the normal flow and the reverse flow, have to be avoided, 
as they give weak flows and bad results in terms of purification. These critical vibrations 
directions 𝛼1 and 𝛼2 can still be accurately obtained by the analytical expressions proposed by 
Bouarab et al. [25] for a long 𝐴 = 4 cavity, despite the fact that the melt zone decreases in size 
during the solidification process. 
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Fig. 1. Schematic of the horizontal Bridgman situation subject to vibrations. 
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(a) 
 
(b) 
Fig. 2. Maximal horizontal velocity in the 𝐴 = 4 cavity as a function of the vibration angle 𝛼 
for Gr = 1000 (a) and Gr = 200 (b) and different values of Grv (Pr = 0.0113). 
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(b) 
Fig. 3. Horizontal (a) and vertical (b) velocity profiles along 𝑧 close to the right cold end-wall  
at  𝑥 = 3.79, for Gr = 200, without vibration (Grv = 0) and with vibrations (Grv = 5000) 
applied in three different directions 𝛼 = 0, 45, and 90°. 
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    (a) 
 
    (b) 
Fig. 4: Isotherms (a) and iso-𝐹 lines (b) in a 𝐴 = 4 side-heated cavity submitted to vibrations 
for the case Pr = 0.01, Gr = 2500 and Grv = 6250 with a vibration angle 𝛼 = 45
∘. Note that 
the isotherms are only weakly deformed, indicating that the hypothesis of a planar vertical 
interface makes sense.  
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(a) 
 
(b) 
 
 (c) 
Fig. 5. Iso-concentration lines of phosphorus in the molten (left part) and solid (right part) 
silicon for 𝑆 = 2, Pr = 0.0113, Gr = 200, and different vibrational Grashof numbers: (a) 
Grv = 0, (b) Grv = 1000, and (c) Grv = 5000, for 𝛼 = 45°. 
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Fig. 6. Variation of the solute boundary layer thickness 𝛿 with the vibrational Grashof number 
Grv for phosphorus (Sc = 12.74), aluminum (Sc = 4.32) and iron (Sc = 3.68) impurities. 
The values are computed when half of the molten silicon has been solidified (𝑆 = 2) with 
vibrations applied in the optimal direction 𝛼 = 45° (Gr = 200, Pr = 0.0113). 
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Fig. 7. Axial segregation 𝐶𝑠,𝑎𝑣 of phosphorus in the silicon ingot (a) and solute boundary layer 
thickness 𝛿 at the interface in the melt (b) given as a function of the solidified length 𝑙𝑠 for 
Pr = 0.0113, Sc = 12.74, 𝑘 = 0.332, and different values of the Grashof number Gr and the 
vibrational Grashof number Grv (𝛼 = 45°). In (a), comparisons with respect to the modified 
Scheil-Gulliver model are given as dashed lines. 
 
 
Fig. 8. Effect of the vibration direction on the axial segregation 𝐶𝑠,𝑎𝑣 of phosphorus in the 
silicon ingot (Pr = 0.0113, Sc = 12.74, 𝑘 = 0.332, Gr = 200). The curves of 𝐶𝑠,𝑎𝑣 are given 
as a function of the solidified length 𝑙𝑠 for Grv = 5000 and 𝛼 = 0, 45, and 90°, and for 
Grv = 0 (without vibration). Comparisons with respect to the modified Scheil-Gulliver model 
are given as dashed lines. 
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(a) 
 
(b) 
Fig. 9. Global impurity level in the silicon crystal (𝐶𝑠,𝑡𝑜𝑡) and in the melt (𝐶𝑙,𝑡𝑜𝑡) versus Grv 
for the optimal vibration direction (𝛼 = 45°). The results are given for phosphorus (a) and 
aluminum (b) when half of the molten silicon has been solidified (𝑆 = 2, Pr = 0.0113, Gr =
200). 
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Fig. 10. Variation of the global impurity level for phosphorus in the silicon crystal, 𝐶𝑠,𝑡𝑜𝑡, 
with the vibration angle 𝛼 for Grv values in the range 100-10000 (𝑆 = 2, Pr = 0.0113, Gr =
200). The value of 𝐶𝑠,𝑡𝑜𝑡 obtained without vibrations (Grv = 0) is given as a pink dashed line 
for comparison: the parts of the curves below this line indicate a purification due to the 
applied vibrations. 
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(a) 
 
(b) 
Fig. 11. Global impurity level for phosphorus in the silicon crystal 𝐶𝑠,𝑡𝑜𝑡 (a) and stream 
function at the center of the melt zone 𝜓𝑐 (b) as a function of the vibration angle 𝛼 for small 
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Fig. 12. Global impurity level for phosphorus in the silicon crystal 𝐶𝑠,𝑡𝑜𝑡 and stream function 
at the center of the melt zone 𝜓𝑐 as a function of the vibration angle 𝛼 for Grv = 100 (a) and 
Grv = 400 (b) (𝑆 = 2, Pr = 0.0113, Gr = 200). The values of 𝐶𝑠,𝑡𝑜𝑡 and 𝜓𝑐 obtained without 
vibrations (Grv = 0) are given as pink and orange dashed lines, respectively, for comparison. 
Insets give velocity vectors and iso-concentration lines in the melt (left part) and in the crystal 
(right part) at 𝑆 = 2 for the vibration angles giving maximal variations (𝛼 = 45° and 135°). 
The reference case Grv = 0 is also given. 
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Fig. 13. Variation of the global impurity level for phosphorus in the silicon crystal (𝐶𝑠,𝑡𝑜𝑡) 
with the vibration angle 𝛼 for large Grv values in the range 500-10000 where flow inversion 
occurs (𝑆 = 2, Pr = 0.0113, Gr = 200). The value of 𝐶𝑠,𝑡𝑜𝑡 obtained without vibrations 
(Grv = 0) is given as a pink dashed line for comparison. The parts of the curves below this 
pink line indicate a purification due to the applied vibrations. 
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Fig. 14. Global impurity level for phosphorus in the silicon crystal 𝐶𝑠,𝑡𝑜𝑡 and stream function 
at the center of the melt zone 𝜓𝑐 as a function of the vibration angle 𝛼 for Grv = 5000 (𝑆 =
2, Pr = 0.0113, Gr = 200). The values of 𝐶𝑠,𝑡𝑜𝑡 and 𝜓𝑐 obtained without vibrations (Grv =
0) are given as pink and orange dashed lines, respectively, for comparison. Insets give 
velocity vectors and iso-concentration lines in the melt (left part) and in the crystal (right part) 
at 𝑆 = 2 for the vibration angles giving maximal purification (𝛼 = 45° and 135°) and those at 
the limit of flow inversion (𝛼1 and 𝛼2). 
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Fig. 15. Axial segregation 𝐶𝑠,𝑎𝑣 of phosphorus in the silicon ingot versus the solidified length 
𝑙𝑠 for Grv = 5000 and different vibration angles 𝛼 (𝑆 = 2, Pr = 0.0113, Gr = 200). The 
case without vibration (Grv = 0) is given for comparison. 
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